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Abstract
We report a new result on lotteries — that a well-funded syndicate has a purely mechanical
strategy to achieve expected returns of 10% to 25% in an equiprobable lottery with no take and
no carryover pool. We prove that an optimal strategy (Nash equilibrium) in a game between
the syndicate and other players consists of betting one of each ticket (the “trump ticket”), and
extend that result to proportional ticket selection in non-equiprobable lotteries. The strategy
can be adjusted to accommodate lottery taxes and carryover pools. No “irrationality” need
be involved for the strategy to succeed — it requires only that a large group of non-syndicate
bettors each choose a few tickets independently.
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1 Introduction
We show that a group of individuals who coordinate their betting has a strategy to obtain positive
expected gains in a “fair” lottery. To illustrate, consider a 1, 000 number lottery in which a “crowd”
of one thousand individuals each purchase a $1 quick pick (sampling with replacement) and a
coordinating “syndicate” that acts as a single bettor and purchases one of each ticket combination
for a total of $1,000. On average the crowd bets nothing on 36.8% of the tickets, has one combination
on 36.8% and two or more on the remaining ticket combinations. Since the syndicate always has
exactly one winning ticket, its expected payoff can be calculated as a function of the number of the
tickets held by the crowd. When the crowd has no winning ticket, the syndicate wins the entire
jackpot of $2,000. When the crowd has one winning ticket, the syndicate wins $1,000 = $2,000/2,
and so on. Thus the syndicate’s expected payoff is
$2, 000 ˚ 0.368` $1, 000 ˚ 0.368` (additional terms for crowd holdings of 2 or more tickets)
ą$1, 104,
where the first term is the contribution to the expected payoff when the crowd has no winning
ticket, and the second when the crowd has exactly one winning ticket. Therefore the syndicate’s
expected return is positive even without terms involving the crowd’s holding of 2 or more winners!
This paper has three parts. First, the expected returns are calculated for a simple equiprobable
1, 000 number lottery that has no take.1 We show that a syndicate that bets 1, 000 different tickets
earns on average a 26.41% return against a crowd of 1, 000 small players who independently bet
one ticket each. A syndicate strategy of buying n ă 1, 000 different tickets is not profitable unless
n ě 583.
Then, results are proven for equiprobable lotteries with t tickets and no take. If the crowd bets
$c and a syndicate bets $s, it is demonstrated that the syndicate has a positive expected return
if s ą p1 ` cyq{p1 ´ yq, where y “ p1 ´ t´1qc`1 and it bets its tickets on a set which is as evenly
distributed as possible. If s ď t and c ě 2, it is shown that the Nash equilibrium for the syndicate
and crowd occurs when the syndicate chooses s “ t and the crowd chooses quick picks from an
uniform distribution. It is also shown that small coordinating groups in the crowd have little impact
on the syndicate’s returns.
Finally, the equiprobable condition is dropped, there is a take on the betting pool and there
is a carryover pool. We prove that (1) the syndicate can always achieve a better-than-fair split of
the jackpot pool, (2) the best asymptotic strategies for the syndicate and crowd consist of betting
aligned with ticket probabilities (probability-proportional betting), (3) the syndicate’s expected
return is greatest when the lottery is equiprobable, and (4) if a crowd is risk averse or risk seeking,
its asymptotic expected return is lower than it would be with a probability-proportional strategy.
2 Background and Related Work
The fact that the syndicate has a winning strategy is due to the basic logic of coalition formation in
games (Myerson (1997)). Each player i P N in a noncooperative game has a “reserve” value νi that
consists of the minimum payoff the player can achieve when acting alone. But to each coalition S of
players, there will be a total payoff achieveable through cooperation, νpSq, which is never less than
the sum of the reservation values νi of coalition members,
ř
iPS νi. We show that a lottery game
in which players in S choose to act as a coalition and ones in N zS choose to act independently
1The take is the fractional amount a lottery deducts from the betting pool.
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produces an excess expected value for the coalition: νpSq ą řiPS νi. There is no surprise here —
it is quite plausible that coalitions will have edges.
An early contribution to betting strategy in government-sponsored lotteries is Chernoff (1980).
As a statistician, Chernoff knew about “digit preference” in, for example, reported ages in censuses
– there are too many reported ages ending in ’0’ and ’5’. Using the Massachusetts State Lottery
having numbers 0001 to 9999, Chernoff found that numbers ending in ’0’ and ’9’ were unpopular,
and he surmised that tickets combining many unpopular numbers might be underrepresented in
lottery betting pools. If this were the case, then betting only greatly underrepresented numbers
would constitute a winning betting system. Following up on this idea, Ziemba et al. (1986) report
many other numbers that are unpopular in the Canadian “6/49” Lottery using weekly data of
marginal number frequencies published by the British Colombia and Western Canada Lottery
Corporations. Among the unpopular numbers in the Canadian 6/49 lotto were 1, 10, 20, 28, 29,
30, 32, 34 and all but two numbers over 38, giving a total of 19 statistically unpopular numbers. The
authors cite popularity of birthdate months and days and the geometry of the ticket layout for the
majority right-handed players as reasons for persistent popularity and unpopularity, and recognize
that some numbers can be temporarily overbet when they penetrate the public’s awareness. They
found that unpopular numbers were stable over time, but in later years, Ziemba’s finding that the
unpopularities had changed somewhat and had regressed toward the mean provided evidence of a
modest learning effect (Ziemba, personal communication). Using empirical probabilities available
for the 6/49 numbers and assuming approximate independence of number probabilities and no
carryover pool, Ziemba et al. (1986) estimate the expected return per dollar wagered for a generic
ticket pi1, i2, . . . , i6q as
Expected Return “ $0.45 ¨ Fi1 ¨ Fi2 ¨ Fi3 ¨ Fi4 ¨ Fi5 ¨ Fi6 , (1)
where the factor $0.45 adjusts for the lottery take and consolation pools, and each factor Fi measures
the ratio of equal number probabilities (=1{49) to i’s estimated betting probability. In lotteries
with carryover pools, the factor $0.45 is higher.
Using formula (1), the authors investigated the strategy of betting tickets involving only the
19 unpopular numbers and subsets thereof, and find that those strategies win so rarely as to
be unattractive as practical systems. MacLean et al. (1992) investigate an optimal 6/49 Lotto
strategy that bets small fractions (to maximize the expected logarithm of final wealth subject to
a ruin-avoidance condition) of one’s capital using a variant of formula (1). The authors come to
a discouraging conclusion — that it takes millions of years to achieve a favorable result with high
probability!
We discuss next the literature relevant to our paper’s formulas. Cook and Clotfelter (1993)
show a formula for the expected value of a syndicate
Ersyndicate bet of W different ticketss “ W
N
rR` kcpW `Nqsp1´ epN q (2)
where W is the number of tickets bet by the syndicate, c is the cost of one combination, k is the
fraction of the handle going into the jackpot, N is number of bets by the crowd, R is the carryover
from previous drawings, and p is the probability of winning in a single play. Using the notation of
Section 3, formula (2) with c “ 1 is essentially a Poisson approximation to formula (1) multiplied
by the jackpot
a` ps` cqp1´ xq. (3)
The authors do not mention that expectation (2) is positive when expression (3) ą 0 and k “ 1,
the main assertion of our paper. The purpose of their paper was to advise on economies of scale
2
in lotteries (e.g., multi-state lotteries), not to discuss (2) as a potential winning strategy. Of the
papers surveyed here, Ciecka and Epstein (1996) provide the most complete account of the expected
values for lottery strategies, including the purchase of one of each ticket, a strategy the authors
call the “trump ticket.” Their formulas are then used to evaluate the “fairness” of lotteries in the
context of externalities. No analysis of optimal strategies or recognition of the strategic value of
a trump ticket is discussed. Grote and Matheson (2011) also discuss the trump ticket. While the
authors acknowledge that the return per ticket is generally better when the trump ticket is bet
than when a single ticket is bet, there is no discussion of the trump ticket as a potentially winning
strategy or its role in a Nash equilibrium.
Much empirical research on lotteries has been done on racetrack parimutuel pools and sports
betting. These studies agree that (a) parimutuel odds are consistent with race or game outcomes
Sauer (1998) and (b) there is a persistent favorite-longshot bias (FLB) in individual races which
results in underbetting of favorites and overbetting of longshots (Ziemba (2008)). Several non-
mutually exclusive explanations have been offered to explain the FLB bias: (1) poor estimation of
probabilities, (2) inside bettors, (3) preference for risk or skewness, (4) heterogeneous beliefs, (5)
market power of an uninformed bookmaker, (6) constrained arbitrage and (7) last minute betting
by informed players. To this we add a mitigating factor: the presence or absence of syndicates.
Many other details of Pick 6’s and other lottery-like racetack parlays can be found in Ziemba (2017,
2018).
A sizable segment of the literature discusses the possibility of winning betting systems at the
racetrack or in sports, such as Hausch et al. (1981) and Thaler and Ziemba (1988), but they
concentrate mostly on individual races or simple parlays, not on full-blown lotteries.
3 Lotteries
In this paper we consider pure jackpot lotteries that award only one prize, a jackpot that consists
of a carryover pool (possibly 0) from the previous drawing and a fraction of the monies wagered for
the current drawing. The jackpot is shared equally among all who hold the winning ticket selected
at the drawing. If no one holds the winning ticket, the current jackpot pool becomes the carryover
pool for the next drawing.
There are two groups of bettors: a syndicate that coordinates its betting and a crowd that does
not; the manner of (in)coordination is described below. We use the following notation:
• t, the number of tickets in the lottery, each costing $1.
• D, the random winning ticket drawn using probabilities P rD “ is “ pi, i “ 1, . . . , t.
• s, the total number of tickets purchased by the syndicate (s ě 1), with ticket i purchased in
amount si “ s ¨ ri, where ř ri ě 1. The syndicate’s number of winning tickets is sD .
• c, the number of individuals in the crowd, each betting one ticket using probabilities q “
pq1, q2, . . . , qtq1.
• K, a multinomially distributed t-vector K „ Multinpc, qq for the numbers of tickets held by
the crowd. Ki is the number of tickets bet on ticket i, and KD is the number bet on the
winning ticket.
• v, the cash jackpot v “ a` ps` cqp1´ xq, where a ě 0 is the carryover pool and x is the the
(fractional) take on the betting pool of s` c.
Since the marginal distribution of each component of a multinomial distribution is binomial,
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the distribution of the number of winning tickets held by the crowd is
P rKD “ ks “
ˆ
c
k
˙
qk
D
p1´ qDqc´k , k “ 0, 1, . . . , c.
We define a probability t-vector es by
es “
#
1{s if 1 ď i ď s
0 if s ă t and s` 1 ď i ď t (4)
so that
et “ t´11, (5)
where 1 is a t-vector of ones.
Thus the syndicate will hold sD and the crowd, KD winning tickets. The random win
W ps, c, p, r, q, a, xq, gain Gps, c, p, r, q, a, xq and return Rps, c, p, r, q, a, xq to the syndicate are
W ps, c, p, r, q, a, xq “ v sD
sD `KD
, (6)
Gps, c, p, r, q, a, xq “W ps, c, p, r, q, a, xq ´ s, (7)
Rps, c, p, r, q, a, xq “ Gps, c, p, r, q, a, xq{s. (8)
where it is understood that a ratio 0{p0` 0q “ 0 in (6). The syndicate’s expected gain and expected
return are
ErGps, c, p, r, q, a, xqs “ v E rW ps, c, p, r, q, a, xqs ´ s
“ v
#
i“tÿ
i“1
P rD “ isErW ps, c, p, r, q, a, xq |D “ is
+
´ s
“ v
#
i“tÿ
i“1
pi
k“tÿ
k“0
ˆ
c
k
˙
qki p1´ qiqc´k sisi ` k
+
´ s, (9)
ErRps, c, p, r, q, a, xqs “ ErGps, c, p, r, q, a, xqs{s,
where v “ a ` ps ` cqp1 ´ xq is the jackpot and si{psi ` kq “ 0 when si “ k “ 0 in (9). In
the following, we use notation such as Gpsq or Rps, rq to indicate that we study (6), (7) or (8) as
functions of the variables indicated, other variables having specified values.
4 A Simple 1000 Number Lottery
Suppose you are strolling in the park one fine day and see a lottery stand offering a one-day special.
The proprietor informs you that she will return in equal shares to the winners all monies bet — she
will reserve no portion for herself. She explains that there are 1, 000 tickets each costing $1, and
that 1, 000 people have already bet a $1 “quick pick”, a ticket chosen randomly from an uniform
distribution with replacement. She says that currently, this $1, 000 constitutes the entire prize pool
and if no one wins it, it becomes part of tomorrow’s jackpot. She says she will close the betting
soon and asks if you want to participate. You just happen to have $1, 000 in your pocket. Should
you bet?
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We assume that your goal is to maximize your expected return. At first thought, betting seems
unwise because the lottery is “fair” in the sense that everyone has the same opportunity to win. On
the other hand, your composite opponent has played a very bad strategy indeed – that of picking
each lottery ticket randomly, independent of previous choices. That scheme of picking tickets leads
by chance to some numbers being bet twice, some three times and some not at all.
But that scheme is inferior to always picking unbet tickets. To see this, imagine you act as the
crowd’s proxy and will bet the $1, 000 for them. Suppose s ă 1, 000 different tickets have been bet
and consider how to bet the ps ` 1q-st, either on (a) a ticket already bet (the ith), or (b) on one
not yet bet (the jth). Which choice yields the greater expected return? Choices (a) and (b) have
the same payoffs on every ticket drawn except for the ith and jth. Assume that the distribution of
tickets the crowd bets on the ith and jth are the same, and k are already bet. If the ith ticket is
drawn, the payoffs to the two strategies are (a) 2{pk`2q and (b) 1{pk`1q, while if the jth is drawn,
the payoffs are (a) 0 and (b) 1{pk ` 1q. Because these two possibilities are drawn with the same
probability, their sums can be compared — that of (a)’s two cases, 2{pk ` 2q with (b)’s, 2{pk ` 1q.
But 2{pk ` 1q ą 2{pk ` 2q showing that it is always better to choose an unbet ticket.
This reduces considerably the candidate strategies. Only those which bet s different tickets,
0 ď s ď 1, 000, are admissible. Since in an equiprobable lottery, every set of s different tickets occurs
with the same probability, the particular tickets selected do not affect calculations of expectations.
Using the notation from Section 3 with a “ x “ 0, t “ c “ 1000, pi “ qi “ 1{t and si as above, we
calculate Rpsq, the syndicate’s return from betting s different tickets.
(i) Setting z “ 1{1000, using the identity
1
1` k
ˆ
1000
k
˙
“ 1
1001
ˆ
1001
k ` 1
˙
(10)
and applying formula (9) gives expected payoff
ErW psqs “ p1000` sq
#
i“sÿ
i“1
z
k“1000ÿ
k“0
ˆ
c
k
˙
zkp1´ zq1000´k 1
1` k
+
(11)
“ p1000` sqs
#
k“1000ÿ
k“0
1
1001
ˆ
1001
k ` 1
˙
zk`1 p1´ zq1001´pk`1q
+
(12)
“ p1000` sqs
1001
#˜
k“1001ÿ
k“0
ˆ
1001
k
˙
zk p1´ zq1001´k
¸
´ p1´ zq1001
+
(13)
“ p1000` sqs
1001
˜
1´
ˆ
1´ 1
1000
˙1001¸
. (14)
In (11), the identical terms in the inner sum allows the factor s to be moved outside the sum
and z to be merged with zk in (12). By applying the identity (10) in (12) and adding and
subtracting the term p1´ zq1001 in (13), the expression (14) is obtained.
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(ii) Using (14), expresions for ErGpsqs and ErRpsqs are
ErGpsqs “ ErW psqs ´ s
“ p1000` sqs
1001
˜
1´
ˆ
1´ 1
1000
˙1001¸
´ s. (15)
ErRpsqs “ 1000` s
1001
˜
1´
ˆ
1´ 1
1000
˙1001¸
´ 1. (16)
(iii) Equation (15) is quadratic in s and has a positive second derivative (Figure 1, Top Panel.)
Thus there is a minimum. Solving the for the minimum gives s˚ “ 290.7981 with ErGps˚qs “
´53.55. The first s such that ErGpsqs ą 0 is s0 “ 583. The return (16) is linear with respect
to the amount bet, has a positive slope, and therefore has maximum of 26.41% at s “ 1000
(Figure 1, Bottom Panel.) What is remarkable about this result is not so much the edge, but
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Figure 1: Plots of Gains From Lottery: (A) Top Panel: Net Gains as a function of Number of Tickets Bet
using formula (15), (B) Percentage Return as a Function of Number of Tickets Bet using formula (16).
its magnitude, 26.41%!
(iv) Figure 2 shows the effect modifying the crowd’s betting size using formula (23) developed
later. Note the slow die-off of the return as the crowd increases its betting size. The return is
0
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Returns as a Function of Crowd Bet Size
Figure 2: Plots of returns to the syndicate in a 1,000 number lottery as a function of the size of the crowd’s
bet.
about 19% if the crowd bets $5, 000 and is about 10% if the crowd bets $10, 000.
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4.1 Intuition Behind the Syndicate’s Win
Why does the crowd lose? The answer: as a composite player, theirs is an inferior strategy. The
only ways they can avoid this problem are to subscribe to a coordination mechanism that doesn’t
duplicate the tickets they bet (cooperate) or to bet nothing (the Nash equilibrium when utility is
linear). Such a mechanism could be provided, for example, by a quick-pick machine that selects a
random number without replacement, i.e., that explicitly avoids giving duplicates. But of course,
the decision to use such a machine is a cooperative act which is merely facilitated by a machine.
Second, why is there no profit until at least $583 has been bet? The reason is subtle, but
informative. Consider for a random ticket, the probability distribution of tickets held by the
crowd. These are
P rK “ ks “
ˆ
1000
k
˙
1
1000
k
ˆ
1´ 1
1000
˙1000´k
.
Table 1 shows the probabilities and the syndicate’s expected winnings as a function of the crowd
holding 4 or fewer winning tickets. The first column shows the number of winning tickets (k) held
by the crowd, the second, the probability P rK “ ks that the crowd holds k winning tickets, the
third and fourth, the amount won and the k-contribution to the expected payoff (ErW1000s) for
a syndicate that bets s “ 1000 different tickets, respectively, and the fifth and sixth, the amount
won and the k-contribution to the expected payoff (ErW1s) for a syndicate that bets s “ 1 ticket,
respectively. A syndicate that bets only $1 has expected payoffs of only $0.368, $0.184, etc. for a
Table 1: Expected Gain as a Function of Tickets Held by the Crowd.
(1) (2) (3) (4) (5) (6)
Syndicate ErW1000 | K “ ks Syndicate ErW1 | K “ ks
k P rK “ ks Payoff (s “ 1000) ˚P rK “ ks Payoff (s “ 1) ˚P rK “ ks
0 0.368 $2000 $735.76 $1001.0 $0.368
1 0.368 $1000 $367.88 $500.5 $0.184
2 0.184 $666 $122.63 $333.7 $0.061
3 0.061 $500 $30.66 $250.3 $0.015
4 0.015 $400 $6.13 $200.2 $0.003
Sum $1263.05 $0.632
total of $0.632 as shown in column (6). This is short of the syndicate’s $1 bet by $1´$0.632 “ $0.368
which is the expected amount that goes into the carryover pool (and approximately, the probability
of k “ 0) when 1001 tickets are bet at random. But a syndicate that bets s “ 1, 000 reduces the
probability of a carryover to zero, so that the term k “ 0 contributes 0.73576 per dollar bet
compared to 0.368 per dollar bet when s “ 1. Not until the syndicate bets 291 are there enough
tickets unbet by the crowd, that the marginal return on the next ticket is greater than zero. After
291, the probability of betting a ticket the crowd does not hold increases with each additional $1
and the expected return therefore increases monotonically beyond that number due to succesive
reduction of the probability that there are no winners.
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5 Equiprobable Lotteries without Carryover or Take
5.1 The Syndicate Bets s ď t
Using the notation of Section 3, we study lotteries for which v “ s ` c, p “ t´11, a “ x “ 0, and
r “ es, where es is defined in (4) and (5). Our main interest is the returns from various choices of
s, c, q and r:
Rps, c, r, qq “ Rps, c, p “ t´11, r, q, a “ 0, x “ 0q
These lotteries have most of the important characteristics of more complicated ones, but are easier
to analyze. In the initial part, we assume that each group in the crowd consists of a single bettor.
This condition is relaxed in Proposition 1.2.
A lemma is useful for the main theorem. Its straightforward defivation follows that of (11)-(14)
and is omitted.
Lemma 1 (Expected Value for W(s,c,es,q)). For s ď t and es is defined in (4),
ErW ps, c, es, qqs “ c` s
c` 1
s
t
˜
1
t
i“tÿ
i“1
1
qi
´
1´ p1´ qiqc`1
¯¸
.
The main result is
Theorem 1 (Optimal Syndicate and Crowd Betting). With et “ t´11 and with assumptions
p “ t´11, a “ x “ 0, c ě 2, and s ď t, and using the notation Rps, c, r, qq for the syndicate’s
return,
Rps, c, es, qq ě Rps, c, es, etq for 1 ď s ď t, with equality if and only if q “ et. (17)
Rpt, c, et, etq ě Rps, c, es, etq for 1 ď s ď t, with equality if and only if s “ t. (18)
Rpt, c, et, qq ą 0 for any q. (19)
Proof: From Lemma 1, we determine that
ErRps, c, es, qqs “ ErW ps, c, es, qqs{s´ 1
“ c` s
c` 1
1
t2
˜
i“tÿ
i“1
1
qi
´
1´ p1´ qiqc`1
¯¸
´ 1. (20)
The functions
fpqq “ q´1
´
1´ p1´ qqc`1
¯
(21)
in equation (20) are positive, strictly decreasing and convex on p0, 1q for c ě 2 (Appendix B). Since
a sum of t (strictly) convex functions on p0, 1q is a (strictly) convex function on p0, 1qt and remains
(strictly) convex on any convex subset of p0, 1qt, it follows that the sum (20) is strictly convex on
the simplex #
q P p0, 1qt
ˇˇˇˇ
q ě 0,
i“tÿ
i“1
qi “ 1
+
.
Further, a constrained optimization of the sum in (20) yields the first order conditions
´1´ p1´ qiq
c`1
q2i
` pc` 1qp1´ qiq
c
qi
´ γ “ 0,
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for constant γ and i “ 1, 2, . . . , t. These conditions are satisfied for qi “ 1{t, which in view of
previous remarks shows this to be the unique minimum of (20) in the simplex. We have thus
shown (17):
ErRps, c, es, qqs “ c` s
c` 1
1
t2
˜
i“tÿ
i“1
1
qi
´
1´ p1´ qiqc`1
¯¸
´ 1
ě pc` sq
c` 1
˜
1´
ˆ
1´ 1
t
˙c`1¸
´ 1
“ ErRps, c, es, etqs (22)
with strict inequality when q ‰ et, which proves inequality (17).
For inequality (18), ErRps, c, es, qqs as a function of s on r1, ts is linear with positive slope.
Therefore, it achieves its unique maximum at s “ t.
Since the syndicate’s edge is minimized when q “ et (by (17)) and its gain maximized when
s “ t (by inequality (18)), inequality (19) will be demonstrated if
ErRpt, c, et, etqs “ c` t
c` 1
´
1´ `1´ t´1˘c`1¯´ 1 ą 0 (23)
is true. But rearranging (23),
ErRpt, c, et, etqs ą 0 ðñ
´
1´ `1´ t´1˘c`1¯ ą c` 1
t` c
ðñ
ˆ
1´ 1
t
˙c`1
ă t´ 1
t` c
ðñ c ¨ log
ˆ
t´ 1
t
˙
` log
ˆ
t` c
t
˙
ă 0. (24)
To verify inequality (24), let gpxq be the strictly concave function
gpxq “ log
ˆ
t` x
t
˙
and X the random variable
X “
#
´1 with probability cc`1 ,
c with probability 1c`1 .
Then using Jensen’s inequality,
c
c` 1 log
ˆ
t´ 1
t
˙
` 1
c` 1 log
ˆ
t` c
t
˙
“ ErgpXqs ă gpErXsq “ gp0q “ 0. (25)
Multiplying both sides of (25) by c` 1 then gives (24).

Corollary 1.1 (Nash Equilibrium of the Lottery Game). With the same setup as in Theorem 1,
the strategy s “ t for syndicate and q “ et for crowd is the unique Nash equilibrium:
Rpt, c, et, qq ě Rpt, c, et, etq ě Rpt, c, r, etq,
and the syndicate has a positive expected return at equilibrium.
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Proof: Immediate from Theorem 1.

We address some further questions about the syndicate’s expected return in the next two propo-
sitions.
Proposition 1.1 (Breakeven Bet Sizes). Using the same set up as Theorem 1 and assuming q “ et,
1. The syndicate’s minimum expected gain occurs at s˚ “ 12
´
1`cy
1´y
¯
.
2. The syndicate’s breakeven expected gain occurs at s0 “ 2s˚.
Proof: The exact expected gain from (22) is
gpsq “ ErGps, c, es, etqs “ pc` sqs
c` 1
˜
1´
ˆ
1´ 1
t
˙c`1¸
´ s
for s P r0, 1s when the crowd bets optimally using q “ et. Setting y “ p1´ 1t qc`1, we calculate the
first derivative
g1psq “ 2s` c
1` c p1´ yq ´ 1,
and find a single critical point
s˚ “ 1
2
ˆ
1` cy
1´ y
˙
. (26)
Substituting s˚ into g gives the minimum value
gps˚q “ ´1
4
p1` cyq2
p1´ yqp1` cq .
which is ă 0. Since
g2psq “ 2
1` cp1´ yq ą 0,
s˚ is the unique minimum of gpsq and g is convex. The question is: does s˚ lie between 0 and
t? Since (26) is clearly positive, we check for s˚ ă t. But this is clearly the case, since gp0q “ 0,
gptq ą 0, gps˚q ă 0 and g is strictly convex on r0,8q.
Since gpsq is strictly increasing on rs˚, ts, gps˚q ă 0 and gptq ą 0, there is a point at which the
gain breaks even. Since g is quadratic in s and symmetric around s˚, it follows that s0 “ 2s˚ is
the break-even point:
s0 “ 2s˚ “ 1` cy
1´ y .

Proposition (1.1) shows that a syndicate’s bet of an amount s ď t will have decreasing expected
gain for 0 ď s ď s˚ “ p1 ` cyq{p2p1 ´ yqq, increasing expected gain for s˚ ď s ď t and will be
positive only if ts0u` 1 ď s ď t.2
Betting groups at lotteries are either single individuals who bet a block of different tickets or
collections of bettors who pool their funds and act as an individual by selecting different tickets. In
either case, a group bets different tickets. In order to simplify the analysis, we assume that there
are g groups that bet the same number l of different tickets, so that c “ gl. Assuming that the
crowd aligns their betting to the lottery probabilities, the ith ticket will be selected by a group with
probability l{t and therefore the number of tickets bet on the ith, Ki, is distributed binomially:
Ki „ Binpg, l{tq.
2tyu is the floor function, the greatest integer not greater than y.
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Proposition 1.2 (Small Coordinating Groups in the Crowd). Modify the set up of Theorem 1
by introducing g groups within the crowd that each select l different tickets. Then provided l !
minpc, tq, the syndicate’s return is only slightly lower than in the no-group case g “ c, l “ 1.
Proof: It is shown in Appendix A, formula (34) that
E
„
1
1`X

« 1pc` 1qq p1´ expp´pc` 1qqqq
when c " 1 and X „ Binpc, qq. Thus
EgrW ps, c, et, etqs “ pc` sq
#
i“sÿ
i“1
1
t
k“gÿ
k“0
ˆ
g
k
˙ˆ
l
t
˙k ˆ
1´ l
t
˙g´k+
« pc` sqs
t
t
pg ` 1ql
ˆ
1´ exp
ˆ
´pg ` 1ql
t
˙˙
“ pc` sqs
c` l
ˆ
1´ exp
ˆ
´c` l
t
˙˙
.
When l “ 1 (so that g “ c) we get the usual calculation of expectation, and the ratio is
EgrW ps, c, et, etq s
EcrW ps, c, et, etq s «
pc`sqsq
c`l
`
1´ exp `´ c`lt ˘˘
pc`sqs
c`1
`
1´ exp `´ c`1t ˘˘
“ c` 1
c` l
1´ exp `´ ct ˘ expp´l{tq
1´ exp `´ ct ˘ expp´1{tq (27)
But under the assumption l ! minpc, tq, (27) will be very close to 1 since
pc` 1q{pc` lq “ p1` l{cq{p1` 1{cq « 1
expp´1{tq « 1
expp´l{tq « 1.

Of course, this approximation breaks down if some of the groups have sizes comparable to the
syndicate; it would seem that the syndicate’s gain is more tied to max
1ďjďg cj than an average of the
cj , but this idea is not investigated here.
5.2 The Syndicate Bets s ě t
Theorem 2 (The Syndicate Bets s ě t in an Equiprobable Lottery). We assume as before that
p “ t´11, a “ x “ 0, c ě 2, define et “ t´11 and require only that s ě t. We use the notation
Rps, c, r, qq for the syndicate’s return. Then
(i) For any s ě t and r, the crowd minimizes the syndicate’s return Rps, c, r, qq by choosing q “ et.
(ii) If s “ nt, n ě 1 and c ě 2, the syndicate’s optimal strategy bets n on each ticket. In that case
Rpnt, c, et, qq ą 0, irrespective of q.
(iii) For n ě 1, s ą nt, s ă pn` 1qt and c ě 2, the syndicate’s optimal strategy wagers n on each
ticket and s´ nt on s´ nt different tickets. In this case, Rpnt, c, et, qq ą 0, irrespective of q.
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The proof is in Appendix C.
There is an important message in part (ii) of Theorem 2 — that if n ą 1 syndicates all bet each
ticket once in a lottery with no take and no carryover pool, then each syndicate’s expected return
is (still) positive!
6 General Non-Equiprobable Lotteries
In this section, it is assumed that true ticket probabilities have a distribution P rD “ is “ pi, where
in general p ‰ et, that the crowd bets using probability vector q, the syndicate bets using r, and
a, x ą 0. In this section, sr will generally be a fractional vector, since that allowance produces
tractable solutions. In practical usage, though, these fractional solutions must be converted into
integral ones, and then examined to ensure that they retain near-optimal properties.
All results of this section apply without modification to equiprobable lotteries. The winners of
a lottery will share the jackpot pool of v “ a ` p1 ´ xqps ` cq, where a ě 0 is a carryover pool,
x is the take on the betting pool, s is the amount of the syndicate’s bet and c the amount of the
crowd’s. As in Section 3, let each crowd member select one ticket independently of everyone else
resulting in a random selection K “ pK1,K2, . . . ,Ktq1, ři“ti“1Ki “ c, where Ki the total number
bet on the ith ticket. Then the random variable K has a multiomial Multipc, qq distribution
P rK1 “ k1,K2 “ k2, . . . ,Kt “ kts “ c!
k1! k2! . . . , kt!
qk11 q
k2
2 , . . . , q
kt
t .
and the marginal distribution Ki of K is binomial with probability qi: Ki „ Binpc, qiq
P rKi “ kis “
ˆ
c
ki
˙
qkii p1´ qiqc´ki
6.1 Lotteries as Games between Syndicate and Crowd
The contest between syndicate and crowd can be considered as a game in which the probability
distribution for tickets is p is known to everyone, the syndicate bets according to s “ s ¨ r, and the
crowd independently according to K „ Multinpc, qq, where Multin is a multinomial distribution.
The game commences with syndicate and crowd selecting tickets, with members of the crowd
independently selecting 1 ticket apiece. After ticket selection, a random winning ticket is drawn
according to p. The payoffs of this game for the syndicate and crowd are their respective expected
returns from strategic choices pr, qq.
A Nash equilibrium in this game consists of strategies pr, qq for syndicate and crowd such that
given r, q is a best returning strategy for the crowd and given q, r is a best returning strategy
for the syndicate. We show below that when c, s Ñ 8 and c{s Ñ u, u a constant, it follows that
r “ p and q “ p asymptotically. Our definition of risk aversion and risk seeking differ from that
standard in game theory and economics and is motivated by the game we have defined, in which
the crowd as a whole is considered risk averse or risk seeking since in effect, we treat the crowd as
a single stochastic bettor.
Theorem 3 (Results for Non-equiprobable Lotteries). We assume that the syndicate bets a total
of s tickets, the crowd bets c ě 2 tickets using probability t-vector q, that a, x ě 0 and that the
syndicate bets sri on the i
th ticket, where fractional bets are admissible. Then
(i) A winning syndicate strategy exists if a{ps` cq ´ x ě 0,
(ii) The asymptotic Nash Equilibrium for the syndicate consists of betting with r “ q “ p,
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(iii) An equiprobable lottery is best for the syndicate, irrespective of the crowd’s strategy,
(iv) If the crowd is risk averse or risk seeking, its asymptotic return is worse than that of a
proportional strategy.
Proof: Part (i). Suppose that fractional tickets can be bought, and that the syndicate purchases
s tickets in fractional amounts si “ spi and let D be the winning lottery ticket. Since D has
distribution P rD “ is “ pi, the fractional number of tickets bet by the syndicate is sD “ s pD and
the random variable for the crowd’s bet is KD with distribution KD „ Binpc, qDq. With
Gps, c, p, r, qq “ pa` p1´ xqps` cqq sD
sD `XD
´ s
“ v sD
sD `XD
´ s,
the syndicate’s expected gain is
ErGps, c, p, r, qqs “ v
#
i“tÿ
i“1
P rD “ i sE
«
spD
spD `XD
ˇˇˇˇ
ˇD “ i
ff+
´ s
“ v
#
i“tÿ
i“1
pi
k“cÿ
k“0
ˆ
c
k
˙
qki p1´ qiqc´k spispi ` k
+
´ s
ą v
#
i“tÿ
i“1
pi
spi
spi ` cqi
+
´ s. (28)
where the last step follows from Jensen’s inequality. It can be shown using constrained optimization
that expression (28) is minimized with respect to q at q “ p. Therefore
ErGps, c, p, r, qqs ą v
#
i“tÿ
i“1
pi
spi
spi ` cpi
+
´ s
“ pa` p1´ xqps` cqq s
s` c ´ s
“ s
ˆ
a
s` c ´ x
˙
.
Part (ii). Consider first a lottery with no take in which the syndicate bets proportionally to p and
the crowd uses probabilities q. What is the best asympotic choice of q to minimize syndicate’s
expected gain. We calculate ErGps, c, p, r, qqs as
ErGps, c, p, r, qqs “ v
#
i“tÿ
i“1
P rD “ i sE
«
sD
sD `XD
ˇˇˇˇ
ˇD “ i
ff+
´ s
“ v
#
i“tÿ
i“1
pi
k“cÿ
k“0
ˆ
c
k
˙
qki p1´ qiqc´k spispi ` k
+
´ s
The first order conditions require that an optimum qi˚ satisfy
β “ cpi
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
qi˚
kp1´ qi˚ qc´1´kpgpi, k ` 1q ´ gpi, kqq, (29)
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for some constant β for all i “ 1, 2, . . . , t, where
gpi, kq “ spi
spi ` k .
If the lottery is equiprobable (pi “ 1{t), then qi˚ “ pi “ t´1 for all i. If the lottery is not
equiprobable, then for at least two tickets i and j, pi ‰ pj and from (29), qi˚ ‰ qj˚ and the
equiprobable argument does not work. In this case, the best choice for q˚ will in general not be p.
But if c, sÑ8 and c{sÑ u, u a constant, then
ErGps, c, p, r, qqs « lim
s,cÑ8
c{sÑu
ErGps, c, p, r, qqs
“
˜
v
i“tÿ
i“1
pi
1
1` u qipi
¸
´ s (30)
and a Lagrange optimization of q in (30) yields the equations
β “ pi
ˆ
1` uqi
pi
˙´2 u
pi
“
ˆ
1` uqi
pi
˙´2
u
for a constant β and for each i “ 1, 2, . . . , t. These equations can be constant only if qi{pi is constant
for each i which implies qi “ pi.3 The Hessian from (30) has positive entries on the diagonal and
zeroes off the diagonal, therefore is positive definite; thus q “ p uniquely minimizes the syndicate’s
gain. Conclusion: Choosing qi “ pi for each i minimizes the syndicate’s asymptotic expected gain.
Now suppose that the crowd bets using p and the syndicate bets proportionally to r. Then
ErGpr, q “ pqs “ v
#
i“tÿ
i“1
pi
k“cÿ
k“0
ˆ
c
k
˙
pki p1´ piqc´k srisri ` k
+
´ s (31)
Then
ErGpr, q “ pqs « lim
s,cÑ8
c{sÑu
ErGpr, q “ pqs
“
˜
v
i“tÿ
i“1
pi
ˆ
1` upi
ri
˙´1¸
´ s (32)
and the first order conditions from equation (32) can be written
β “
ˆ
1` upi
ri
˙´2ˆ
u
pi
ri
˙2
“
ˆ
1` 1
u
ri
pi
˙´2
and using the same argument as earlier, it follows that r = p. Taken together, these results show
that, asymptotically at least, the unique best reply of the crowd to r “ p is q “ p and the unique
best reply of the syndicate to q “ p is r “ p, which is precisely a unique Nash equilibrium.
3Setting (31) equal for i ‰ j yields the unique solution q “ p.
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Part (iii). The general syndicate expected gain is
Gps, c, p, r, qq “ Ep,q
„
spD
spD `XD

“ v
#
i“tÿ
i“1
pi
k“cÿ
k“0
ˆ
c
k
˙
qki p1´ qiqc´k spispi ` k
+
´ s
The problem is: What distribution p maximizes Gps, c, p, r, qq given q, s and c. In this case no
calculation is necessary to get the answer. This is because the first order equation for each pi must
equal the same constant β, and selecting p “ p1{tq1 solves this problem. The function
z
z ` x
is concave in z, so p “ p1{tq1 is the unique maximum.
Part (iv). A crowd’s risk seeking is underbetting of safe bets and overbetting of long shots (the
favorite-longshot bias) and a crowd’s risk aversion is the reverse. We may express this as follows:
let the probabilities p1, p2, . . . pt be ranked from highest to lowest
pp1q, pp2q, . . . , pptq.
A crowd is risk seeking if
qpiq “ ppiqupiq for i “ 1, 2, . . . , t,
where
i“tÿ
i“1
qpiq “ 1,
u is nondecreasing, uj ě 0, up1q ă 1, and uptq ą 1.
An analogous definition for risk averse requires that u is nonincreasing, uj ě 0, up1q ą 1 and
uptq ă 1 but such behavior is seldom exhibited at racetracks.
But we are done, since from part (iii) we know that such strategies are asymptotically worse
than proportional strategies.

7 Conclusion
The main result of this paper is that a single syndicate has a mechanical strategy that achieves
excess returns against a crowd of uncoordinated bettors when (1) lotteries are equiprobable and
have no take (Section 5) or (2) lotteries having jackpots and known probabilities satisfy a condition
involving the carryover pool, the lottery take and the size of the betting pool. (Section 6).
There are two reasons for these excess returns: convexity of payoffs and a failure to cooperate.
Regarding convexity, if payoffs were linear then arguments fail because applications of Jensen’s
inequality will yield equalities. Regarding non-cooperation, if everyone cooperates then there is
one large syndicate that does not have a positive expected return.
Economics explains this sort of behavior by asserting that crowds at racetracks and in lotteries
act “rationally” using diverse utility functions. And the difficulty of reconciliating those utilities
along with a desire (incorporated into them) “to win the big one” without sharing with others,
promotes non-cooperation. Of course, this behavior fits nicely with economic theory, but in the
process creates an opportunity for substantial returns.
In any case, the rational actor model is difficult to defend as emphasized by Daniel Kahneman:
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“For emotionally significant events, the size of the probability simply does not matter. What
matters is the possibility of winning. People are excited by the image in their mind. The excite-
ment grows with the size of the prize, but it does not diminish with the size of the probability.”
Source: Bernard (2013).
Kahneman’s behavioral finance explanation leads to a different model of lottery behavior: emotional
arousal overwhelms rational, calculated weighing of risks and rewards. The consequence is clear — “ir-
rational” crowd betting will persist, since changing emotional responses is very, very difficult. Moreover,
persons motivated by irrational lottery-itis have a behavioral incentive not to join syndicates, because that
eliminates the excitement. Therefore, for this inefficiency not to be exploitable, there need to be significant
“limits to arbitrage.” An example explains one limit to arbitrage in government lotteries:
Example 7.1 (Betting on Lotteries). Government-sponsored lotteries typically do not want syndicates to
play their lotteries, not necessarily because they understand the nature of the edge, but because exposure of
a syndicate would lead players to believe that the lottery was “fixed.” As a personal experience, one of the
authors once approached a lottery asking to bet the entire pool by writing a check (with a bonus to cover
the lottery’s costs). The lottery manager answered “If I so much as see any unusual activity at our ticket
outlets, I’ll cut you off. And the full force of the state police will be brought to bear.” We took this as a
warning not to attempt to cover the pool on our own even though what we wanted to do was perfectly legal.
But apart from such bluster, the logistics of betting 20 million tickets in a week is considerable. One
would have to acquire or reproduce the cards (not difficult, unless on short notice), find a printer that could
print them out (also not hard, unless on short notice) and devise a plan to collect tickets from dozens if
not hundreds of lottery outlets. And of course, there is the problem of preventing theft of tickets and of
arranging payment.
In short, the logistics of covering a large pool are formidable.

We have demonstrated that there generally exists a purely mechanical strategy that produces excess
returns in pure jackpot lotteries. When the lottery has no take and no carryover pool, the edge of a
syndicate is reduced, but not eliminated if other syndicates also participate (Section 5.2). We showed that
for lotteries having take x, carryover pool a, and syndicate and crowd bets of s and c, respectively, a single
syndicate has an edge if a{pt` cq ´ x ě 0. But a competing syndicate can convert an apparently favorable
bet into an unfavorable one if a{p2t` cq ´ x ă 0.
Appendix A Er1{p1 `Xqs When X „ Binpc, qq
We derive the formula
E
„
1
1`X

“ 1pc` 1qq
`
1´ p1´ qqc`1˘ (33)
where X „ Binpc, qq. Using the identity
1
1` k
ˆ
c
k
˙
“ 1
c` 1
ˆ
c` 1
k ` 1
˙
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we calculate
E
„
1
1`X

“
k“cÿ
k“0
ˆ
c
k
˙
qk p1´ qqc´kq 1
1` k
“ 1pc` 1qq
k“cÿ
k“0
ˆ
c` 1
k ` 1
˙
qk`1 p1´ qqc`1´pk`1q
“ 1pc` 1qq
#˜
k“c`1ÿ
k“0
ˆ
c` 1
k
˙
qk p1´ qqc`1´k
¸
´ p1´ qqc`1
+
“ 1pc` 1qq
´
1´ p1´ qqc`1
¯
.
When c " 1, the approximations (34) and (35) will differ little from (33):
E
„
1
1`X

« 1pc` 1qq p1´ exp p´pc` 1qqqq (34)
« 1
µ
p1´ exp p´µqq , (35)
where µ “ ErXs “ cq.
Appendix B Analysis of Equation (21)
We show that the function
fpqq “ q´1
´
1´ p1´ qqc`1
¯
,
c P N, c ě 2, is positive, strictly decreasing and strictly convex on p0, 1q. Using L’Hoˆspital’s rule,
lim
qÑ0`fpqq “ limqÑ0`
d
dq
`
1´ p1´ qqc`1˘
d
dq q
“ lim
qÑ0`pc` 1qp1´ qq
c “ c` 1
and clearly lim
qÑ1´fpqq “ 1. If now fpqq is shown to be decreasing, then positivity follows. The first derivative
of fpqq is
f 1pqq “ ´1` p1´ qq
c`1 ` pc` 1qqp1´ qqc
q2
“ ´
řk“c`1
k“2
`
c`1
k
˘
qkp1´ qqc`1´k
q2
“ ´pc` 1qc
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
qkp1´ qqc´1´k 1pk ` 1qpk ` 2q (36)
ă 0,
where line 2 follows since
1 “ p1´ q ` qqc`1 “
˜
k“c`1ÿ
k“2
ˆ
c` 1
k
˙
qkp1´ qqc`1´k
¸
` pc` 1qqp1´ qqc ` p1´ qqc`1
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Thus fpqq is strictly decreasing on p0, 1q. Starting from expression (36), the second derivative is
f2pqq “ d
dq
#
´pc` 1qc
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
qkp1´ qqc´1´k 1pk ` 1qpk ` 2q
+
“ ´pc` 1qc
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
kqk´1p1´ qqc´1´k 1pk ` 1qpk ` 2q
` pc` 1qc
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
qkpc´ 1´ kqp1´ qqc´1´k´1 1pk ` 1qpk ` 2q
“ ´pc` 1qcpc´ 1q
k“c´2ÿ
k“0
ˆ
c´ 2
k
˙
qkp1´ qqc´2´k 1pk ` 2qpk ` 3q
` pc` 1qcpc´ 1q
k“c´2ÿ
k“0
ˆ
c´ 2
k
˙
qkp1´ qqc´2´k 1pk ` 1qpk ` 2q
“ pc` 1qcpc´ 1q
k“c´2ÿ
k“0
ˆ
c´ 2
k
˙
qkp1´ qqc´2´k
ˆ
´ 1pk ` 2qpk ` 3q `
1
pk ` 1qpk ` 2q
˙
ą 0.
for q P p0, 1q. Thus (21) is convex on p0, 1q.
Appendix C Betting Strategies for Syndicate and Crowd When
s ě t
C.1 Optimal q for the Crowd When the Syndicate Bets s ě t
Suppose that the syndicate bets n times on each ticket proportionally to p1{tq 1, for a total bet of nt. If the
crowd bets c tickets using probabilities q “ pq1, q2, . . . , qtq, the expected value for the syndicate is
pnt ` cqE
„
n
n`X

“ pnt ` cq
i“tÿ
i“1
1
t
k“cÿ
k“0
ˆ
c
k
˙
qki p1´ qiqc´k nn` k (37)
Probabilities qi that optimize (37) can be determined from the first order conditions
pnt ` cq
#
c
t
k“c´1ÿ
k“0
ˆ
c´ 1
k
˙
qki p1´ qiqc´1´k
ˆ
n
n` k ` 1 ´
n
n` k
˙+
´ γ “ 0, (38)
for a constant γ and each i “ 1, 2, . . . t. These conditions are met if qi “ 1{t for each i. Further, since
n{pn ` kq is strictly decreasing in k, each term in the sum of (38) is negative. Differentiating again shows
that
pnt ` cq
#
cpc´ 1q
t
k“c´1ÿ
k“0
ˆ
c´ 2
k
˙
qki p1´ qiqc´1´k
ˆ
n
n` k ` 2
´2 n
n` k ` 1 `
n
n` k
˙*
ą 0,
since n{pn ` kq is convex in k and the term in parentheses is the second difference of n{pn ` kq. It follows
that qi “ 1{t minimizes (37) and is the unique solution. Since qi “ 1{t minimizes the expected gain of the
syndicate, it is the crowd’s optimal choice.
Using Jensen’s inequality and the strict convexity of n{pn ` kq with respect to k, we have shown that
any crowd deviation from q “ et lowers its expected return.
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To prove the general case, consider that the crowd does not know the distribution of bets that the
syndicate will use. Therefore, while the syndicate might pick betting sizes sri that are not all equal, the
crowd cannot know which tickets receive a larger and which a smaller bet. This means that the crowd faces
a problam in which the sri can be randomized. Thus, payoff terms of the form n{pn` k in (37) will actually
be of the form
j“tÿ
j“1
srj
srj ` k
But for fixed k this sum is the same all qi, and since differentating it term by term retains the individual
terms’ convexity and monotonicity, one is effectively using the argument for fixed n.
C.2 Optimal Betting for the Syndicate
If the syndicate bets n of each ticket, then from equation (37) the syndicate’s expected gain is
gpnq “
#
pnt ` cq
i“tÿ
i“1
1
t
k“cÿ
k“0
ˆ
c
k
˙ˆ
1
t
˙k ˆ
1´ 1
t
˙c´k
n
n` k
+
´ nt (39)
Since the function φpxq “ a{pa`xq, a ą 0 is strictly convex on r0,8q, and ErXis “ c{t, we get from Jensen’s
inequality and (39) that
gpnq ą pnt ` cq
i“tÿ
i“1
1
t
n
n` c{t ´ nt “ nt´ nt “ 0.
Thus the syndicate’s expected gain from betting n of each ticket is positive regardless of the amount c bet
by the crowd!
The inequality of equation (22) holds only for 0 ď s ď t. We now determine the best syndicate betting
strategy among choices for betting proportions r “ pr1, r2, . . . , rtq for an arbitrary bet size s ą 0 when
fractional bets are possible. The (random) syndicate bet is
s r
D
.
where D is a random variable for the winning ticket. Thus the syndicate’s gain Gpr, qq — with it understood
that the first argument is the probability vector for the syndicate and the second for the crowd — is
Gpr, qq “ ps` cq s rD
s r
D
`X
D
´ s, (40)
where X
D
„ Binpc, qq. This coupled with the assumption q “ et “ t´11 of optimal crowd betting (Appendix
C.1) gives an expected gain of
ErGpr, etqs “ ps` cq
˜
i“tÿ
i“1
t´1
k“cÿ
k“0
ˆ
c
k
˙
t´kp1´ t´1qc´k s ri
s ri ` k
¸
´ s. (41)
for the syndicate. The best proportions ri for the syndicate should maximize expression (41) and these can
be found by maximizing it subject to
ři“t
i“1 ri “ 1. The first order conditions are
ps` cqt´1
k“cÿ
k“0
ˆ
c
k
˙
t´kp1´ t´1qc´k kps ri ` kq2 ´ γ “ 0, (42)
where the equations hold for i “ 1, 2, . . . , t and γ is a constant. Choosing ri “ et satisfies these equations
since they are t equations are identical with that choice. Since the function
gpxq “ x
x` k
is concave in x for each k and therefore the inner sums in (41) are weighted sums of strictly concave functions
with positive weights, it follows that (41) is strictly concave in r, thus demonstrating r “ et “ p1{tq1 is the
unique maximum.
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Using this result, we can show that the syndicate’s expected gain is always positive if bets are proportional
to et, i.e. in an amount set. Using Jensen’s inequality, the inner sums of (41) satisfy
k“cÿ
k“0
ˆ
c
k
˙
t´kp1´ t´1qc´k s{t
s{t ` k ą
s{t
s{t ` c{t “
s
s` c .
Therefore, from equation (41)
ErGpet, etqs “ ps` cq
˜
i“tÿ
i“1
t´1
k“cÿ
k“0
ˆ
c
k
˙
t´kp1´ t´1qc´k s{t
s{t` k
¸
´ s.
ą ps` cq
˜
i“tÿ
i“1
t´1
s
s` c
¸
´ s
“ 0.
This part shows that the syndicate’s expected gain is always positive if fractional bets are possible.
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